Three-dimensional (3D) GaN is a III-V compound semiconductor with potential optoelectronic applications. In this paper, starting from 3D GaN in wurtzite and zinc-blende structures, we investigated the mechanical, electronic, and optical properties of the 2D single-layer honeycomb structure of GaN (g-GaN) and its bilayer, trilayer, and multilayer van der Waals solids using density-functional theory. Based on high-temperature ab initio molecular-dynamics calculations, we first showed that g-GaN can remain stable at high temperature. Then we performed a comparative study to reveal how the physical properties vary with dimensionality. While 3D GaN is a direct-band-gap semiconductor, g-GaN in two dimensions has a relatively wider indirect band gap. Moreover, 2D g-GaN displays a higher Poisson ratio and slightly less charge transfer from cation to anion. In two dimensions, the optical-absorption spectra of 3D crystalline phases are modified dramatically, and their absorption onset energy is blueshifted. We also showed that the physical properties predicted for freestanding g-GaN are preserved when g-GaN is grown on metallic as well as semiconducting substrates. In particular, 3D layered blue phosphorus, being nearly lattice-matched to g-GaN, is found to be an excellent substrate for growing g-GaN. Bilayer, trilayer, and van der Waals crystals can be constructed by a special stacking sequence of g-GaN, and they can display electronic and optical properties that can be controlled by the number of g-GaN layers. In particular, their fundamental band gap decreases and changes from indirect to direct with an increasing number of g-GaN layers.
I. INTRODUCTION
The excellent electronic and optical properties of gallium nitride crystal in wurtzite structure (wz-GaN) have made it an important semiconductor with critical and wide ranging technological applications in microwave communications, lasers, detectors, light-emitting diodes in the ultraviolet range, etc. [1, 2] . It has ∼3.4 eV direct band gap and exhibits high chemical, thermal, and mechanical stability, which is convenient for various applications such as nanoelectromechanical systems (NEMS). Additionally, GaN and similar III-V compounds such as AlN can form heterostructures with commensurate interfaces, which offer interesting quantum structures in lower dimensionality and display unusual device properties. In addition, three-dimensional (3D) GaN crystal can be grown easily by various methods, whereby the fabrication of thin films and heterostructures is achieved. However, so far single-layer (SL) GaN has not been synthesized yet.
Searching the contender of semimetallic graphene in the field of 2D electronics and in other potential applications has brought semiconductors such as silicon and GaAs into focus. Earlier, the optimization of SL silicon and GaAs structures from first principles indicated that they can be stable in a SL buckled honeycomb structure [3] . Furthermore, while silicon in a buckled honeycomb structure, which is called silicene, is a semimetal with bands crossing linearly at the Fermi level, SL GaAs was found to be a semiconductor [3] . Later, theoretical studies using first-principles phonon and hightemperature molecular-dynamics (MD) calculations within * durgun@unam.bilkent.edu.tr † ciraci@fen.bilkent.edu.tr density-functional theory (DFT) demonstrated the stability of silicene and germanene (i.e., SL buckled honeycomb structure of germanium) [4, 5] , which are isovalent with graphene. Moreover, in a different study, it was predicted that IV-IV and III-V compounds [6, 7] and also group II-VI compounds [8] , with constituent elements having s 2 p m valence orbitals, can form stable, graphenelike SL honeycomb structures with a 2D hexagonal lattice. It was surprising that even if several of these SL honeycomb structures did not have layered 3D parent crystals such as graphite or h-BN, some of the predictions of the theoretical studies were realized experimentally. For example, silicene, germanene [9, 10] , and a very thin layer of AlN [11] , etc., were synthesized. In view of the recent advances in growth techniques and experiences developed through the fabrication of GaN thin films, it is expected that the growth of a SL honeycomb structure of GaN, i.e., g-GaN, will be achieved soon. Given the role of wz-GaN in device technology, the growth of g-GaN would have a real impact in 2D flexible nano-optoelectronics.
While the positive phonon frequencies in the previous study [6] indicates stability against small displacements, stability at high temperature was not assured. Therefore, the main task of this paper is to show that g-GaN corresponds to a deep, local minimum on the Born-Oppenheimer (BO) surface and hence remains stable at high temperature. Having proven the stability, we performed a comprehensive and comparative study using DFT on 3D wz-GaN and its allotrope in cubic zinc-blende structure, namely zb-GaN, as well as on a SL honeycomb structure together with its multilayers. Our main objective is to reveal whether g-GaN can replace 3D wz-GaN in 2D electronics. We will clarify how the physical properties-particularly elastic, electronic, and optical properties-can change as the dimensionality varies from 3D to strictly 2D. In the past, the physical properties, particularly the electronic energy structure of 3D wz-GaN and zb-GaN, have been treated by using methods similar to the one used in this study. In a majority of these studies, the calculated band gaps of wz-GaN and zb-GaN were underestimated by almost 1.7 eV when compared to the experimental values. While this discrepancy between the DFT band gap and the experimental value is well known, improving the theoretical predictions of band gaps has been a primary motivation in recent studies, including ours. Other objectives of our study have been to explore the following: (i) Can bilayer, trilayer, and periodic multilayer structures be constructed by stacking of g-GaN? (ii) How do their physical properties vary with the number of layers? (iii) Can a suitable substrate be deduced to grow g-GaN, and can the properties of g-GaN predicted in this study be modified when it is grown on this substrate?
Important results of our study are summarized as follows: (i) Large discrepancies between the experimentally determined fundamental band gap of 3D GaN crystals and DFT results can be overcome by applying corrections. Such corrections appear to be necessary also for g-GaN.
(ii) Ab initio MD calculations proved that the honeycomb-like structure remains stable at temperatures as high as 1000 K. (iii) In 2D g-GaN structure, the fundamental band gap increases and becomes indirect. Relative to the parent 3D crystals, the opticalabsorption spectrum of g-GaN is modified significantly. (iv) When grown on semiconducting blue phosphorene, which is lattice-matched, the physical properties of the freestanding g-GaN are preserved. In this respect, layered blue phosphorus can be an ideal substrate to grow g-GaN. (v) g-GaN can form a stable bilayer, as well as multilayers, where the interlayer binding occurs through chemical and van der Waals (vdW) interaction. The fundamental gap is altered with the number of layers; it decreases and is converted from indirect to direct gap as the number of layers increases. The amplitude and onset energy of the absorption spectrum can be controlled by the number of layers in the g-GaN multilayers. Finally, a 3D layered periodic structure of GaN-like graphite can be constructed artificially by stacking g-GaN.
II. COMPUTATIONAL METHODOLOGY
First-principles calculations were performed in order to investigate the ground-state properties of bulk and 2D g-GaN within spin-polarized density functional theory (DFT). The projector-augmented-wave potential (PAW) formalism [12] implemented in the Vienna Ab-initio Simulation Package (VASP) [13] [14] [15] [16] was used. The electron exchange and correlation potential was described by the Perdew-Burke-Ernzerhof (PBE) form within the generalized gradient approximation (GGA), where d electrons are also taken into account (GGA-d XC potential) [17, 18] . The plane-wave basis set was defined by an energy cutoff at 520 eV for all calculations. Moreover, the van der Waals interactions were taken into account for the layered structures [19, 20] . Atomic positions were optimized using the conjugate gradient (CG) method; the total energy and atomic forces are minimized with an energy difference between the sequential steps set to 10 −5 eV for convergence. The maximum allowed force on each atom and the Gaussian smearing factor were taken as 0.05 eV/Å and 0.05 eV, respectively. A -centered 35 × 35 × 1 mesh was used for the Brillouin zone integrations of the primitive unit cell. To avoid spurious interactions between the periodic images, a supercell with ∼20Å vacuum space was adopted. The cohesive energies of 3D and 2D GaN allotropes are calculated from the expression E c = E T (Ga) + E T (N) − E T (GaN) in terms of the total energies, E T (Ga) and E T (N), of free Ga and N atoms and the optimized total energy, E T (GaN), of a specific allotrope. The higher the positive E c , the stronger is the binding. An interionic charge-transfer analysis between Ga and N was carried out for the bulk and g-GaN using the Bader charge-analysis method [21] .
In addition to ab initio phonon calculations [22, 23] , the stability of the structures was tested at high temperatures by ab initio molecular-dynamics (MD) calculations using two different approaches. In the first one, a Nosé thermostat [24] was used and Newton's equations were integrated through a Verlet algorithm with a time step of 1 fs. In the second one, we scaled the velocities at each time step in order to keep the temperature constant.
Subsequent to the standard-DFT results, hybrid functionals (HSE06) [25] [26] [27] and quasiparticle (QP) G 0 W 0 corrections [28] [29] [30] , where G and W were iterated once, were undertaken in order to obtain the corrected band structures of bulk and g-GaN. To compute the optical properties, the random-phase approximation (RPA) [31, 32] was employed in addition to the PBE approach, using a total of 96 (valence and conduction) bands. A Monkhorst-Pack [33] k-point sampling of 127 × 127 × 1 was adopted for PBE-RPA calculations of the 2D unit cell. For 3D zb-and wz-GaN structures, the k-point mesh and the number of bands were scaled accordingly.
III. 3D GaN CRYSTALS
The thermodynamically stable phase of 3D GaN crystal has a wurtzite structure, which corresponds to a global minimum. As for zb-GaN, it can form in the epitaxial growth of thin films on (011) planes of the cubic substrates [2] , hence it has a slightly lower cohesive energy relative to wz-GaN.
A. Crystal structure and energetics
wz-GaN is constructed from two interpenetrating hexagonal close-packed lattices, each having two of each constituent atom, Ga or N. The structure has P 63mc space group symmetry, and lattice constants a = b and c. zb-GaN consists of two interpenetrating fcc lattices each having four of the two atoms at the lattice points. The cubic structure has F43m space group. Both allotropes have tetrahedral coordination for the first nearest neighbors, but they differ in the second-nearestneighbor coordination.
In the present study, we carried out structure optimization calculations of wz-GaN and zb-GaN crystal with GGA (using only 4s and 4p valence orbitals), GGA + d (including also 4d orbitals), GGA − GW , and GGA + d − GW potentials; however, we prefer to display and tabulate the results only given by GGA + d potential throughout the paper, due to the reliable values given by this functional. In Fig. 1 conventional cells, which were optimized through GGA + d calculations.
For each optimized structure, we calculated the lattice constants, Ga-N bond length d, cohesive energy per Ga-N pair E c , bulk modulus B, charge transfer from cation to anion Q * b , Born effective charge Z * , and direct band gap between valence and conduction bands E G−d . Our results are listed in Table I for wz-GaN and in Table II for zb-GaN. The present calculated values can be compared with values calculated by previous theoretical studies and measured experimentally presented in the same tables.
While the previous LDA calculations provides overbinding, predicting a = 3.17Å and c = 5.15Å, the corresponding experimental values were measured as a = 3.19Å and c = 5.19Å. Apparently, lattice constants of wz-GaN are underestimated by LDA calculations. The present GGA + d calculations predict a = 3.22Å and c = 5.24Å. In addition, the experimental value of the cohesive energy, 9.06 eV/GaN pair, is predicted here as E c = 8.76 eV/GaN pair. As for the bulk modulus, the predicted value of 171 GPa is lower than the experimentally measured values between 188 and 245 GPa. Furthermore, Bader charge analysis [21] reveals that charge transfer Q * b from Ga to N atoms was at a value of 1.54 electrons. For zb-GaN, GGA + d calculations provide the best predictions; the calculated value of a = 4.55Å for the experimental lattice constant of a = 4.54Å. As expected, the cohesive energy of zb-GaN calculated as E c = 8.75 eV/pair is slightly smaller than that of wz-GaN, which can be compared with the experimental value measured as 8.90 eV/GaN pair [57] . The bulk modulus, which is calculated to be B = 170 GPa, is in good agreement with the experimental values reported as 185-190 GPa [56, 58] .
B. Electronic structure of 3D GaN crystals
In a simple tight-binding picture of the bond orbital model [59] , the cation Ga having 4s 2 4p 1 and the anion N having 2s 2 2p 3 valence orbitals each form four sp 3 hybrid orbitals, |h c and |h a , in the tetrahedral directions. The sp 3 hybrid orbital of N has lower energy than the sp 3 hybrid orbital of Ga, namely E |h c > E |h a . When combined to form bond orbitals b = (|h c + |h a )/ √ 2 along four tetrahedrally coordinated bonds, charge is transferred from cation to anion attributing some polar character to covalent bond orbitals. As a result, directional bond orbitals carry both polarity and covalency. According to the bond orbital model, GaN bonds have polarity α = 0.62. In compliance with this analysis, the top of the valence band is dominated by N-2p orbital states. Eight electrons per Ga-N pair and an energy difference of E |h a and E |h c dictate a wide band gap of 3D GaN crystals. With the guidance of this simple analysis, we now examine the calculated electronic band structure of 3D GaN crystals.
In Fig. 2 , we present the electronic band structure of wz-GaN, which was calculated within the GGA using PBE along major symmetry directions. It is a direct-band-gap semiconductor with E G−d = 1.71 eV, which is underestimated Fig. 3 . Similar to wz-GaN, zb-GaN is a direct-band-gap semiconductor with a PBE band gap E G−d = 1.55 eV, which is 1.75 eV smaller than the experimentally measured values averaged at 3.30 eV. After HSE06 corrections, the calculated value increases to 2.74 eV, yet it is ∼0.56 eV smaller than experimental values. The G 0 W 0 correction opens up the band gap further to 2.85 eV, which is still ∼0.45 eV smaller than the experimental gap. Nonetheless, the fundamental band gaps of both wz-GaN and zb-GaN can be closed further by HSE06 by tuning the exchange parameter α as 0.35, to 3.48 and 3.30 eV, respectively.
IV. 2D g-GaN
Using the LDA within DFT, a prior study addressed the question of whether IV-IV elemental and III-V and II-VI compound semiconductors can form stable 2D crystalline structures, and it was found that GaN can form a stable, planar, single-layer honeycomb structure [6] [7] [8] . In the present paper we call this structure g-GaN, and we first examine its stability, which was proven earlier by phonon calculations [6] . Here, we repeat phonon frequency calculations using the GGA, and we perform finite-temperature MD calculations in order to assure that the equilibrium structure is not a shallow minimum on the BO surface. Furthermore, we investigate the properties of g-GaN by using different methods within DFT, and we apply HSE06 corrections to the fundamental band gap. In doing so, we are able to provide a consistent comparison with 3D crystals to reveal the effect of dimensionality. In particular, we deduce
Band energy (eV) the crucial differences between the physical properties of 3D wz-, zb-GaN, and g-GaN, particularly the optical-absorption spectra.
A. Structure, energetics, and mechanical properties
In g-GaN structure, Ga-sp 2 and N-sp 2 hybrid orbitals form σ -bonds along Ga-N bonds arranged as a hexagon. Due to the planar sp 2 bonding, the bond angle between Ga-N bonds is 120
• . In addition to three sp 2 hybrid orbitals of each constituent, Ga and N, their p z orbitals are perpendicular to the plane of g-GaN. While the σ -bonds attain the strength of g-GaN, the π -bonds between nearest Ga-p z and N-p z orbitals maintain the planar geometry of g-GaN. It is known that graphenelike compounds are not buckled but are rather planar if one of the constituents is from the first row of the Periodic Table, such as graphene, BN, BP, and AlN monolayers with a honeycomb structure. Due to the electronic charge transfer from Ga to N, in addition to σ -and π -bonding, an ionic bonding with Madelung energy contributes to the cohesive energy.
The atomic structure of g-GaN was optimized by using the CG method. The equilibrium structure of free-standing g-GaN is a planar honeycomb structure with a 2D hexagonal lattice. The optimized atomic structure together with the primitive cell and its lattice constants are shown in Fig. 4 . In the same figure, the schematic description of the bonding in compliance with the above discussion is presented. Charge-density contour plots of a Ga-N bond in a horizontal plane (in the atomic plane of g-GaN) are also shown. The isosurfaces of the total charge density mimic the electron distribution over the hexagons, where Ga and N atoms are alternatingly placed at the corners. It is noted that Ga-N bonds in 3D wz(zb)-GaN, which is constructed from tetrahedrally coordinated sp 3 hybrid orbitals, are 0.12Å longer than the Ga-N bonds of g-GaN constructed from planar sp 2 hybrid orbitals +p z orbitals. This indicates that Ga-N bonds in g-GaN are stronger than those in wz(zb)-GaN. Despite the stronger bonding in planar g-GaN, the cohesive energy of 3D wz-GaN crystal, which is fourfold-coordinated, is 0.70 eV higher than that of g-GaN. Accordingly, g-GaN corresponds to a local minimum on the BO surface.
Lattice constants a = b, bond length d, cohesive energy E c , in-plane stiffness C, charge transfer, Born effective charge values, and fundamental band gaps E G calculated by different methods are presented in Table III. In the same table, we included results of the previous studies for the sake of comparison.
For g-GaN, our PBE calculation predicts a and d values (3.21 and 1.85Å, respectively), which are in good agreement with previous theoretical results [6, 60] . While cohesive energy per GaN pair is generally overestimated by LDA calculation, values of in-plane stiffness and Poisson's ratio agree better with previous LDA calculation [6] . Finally, Bader analysis yielding a charge transfer of 1.5 electrons from Ga to N indicates significant ionic contribution in the binding.
B. Stability: Phonon spectra and MD simulations
Even if structure optimization performed using the CG method indicates equilibrium structure, it is not necessarily stable under the displacements of atoms in g-GaN. To check whether free-standing g-GaN in a honeycomb structure remains stable under the displacements of the constituent atoms, we carry out the calculations of the frequencies of crystal vibrations and determine the phonon frequency spectrum. It is well known that if the vibration frequency of specific modes, (k), is imaginary, the corresponding displacements would result in an instability, since displacement cannot be restored. In Fig. 5(a) , the calculated frequencies of phonon modes are positive and indicate stability. The phonon dispersions calculated here are similar to those calculated earlier using the LDA [6] , except for some shifts of the optical branches.
Although the calculated frequencies of the phonon modes are all positive, instabilities can be induced through thermal excitations. This situation occurs when the local minimum of a given phase is shallow and the structure dissociates at low temperatures. To show that g-GaN can survive at high temperatures and is suitable for technological applications above room temperature, we carried out ab initio finitetemperature calculations in the temperature range from 0 to 1000 K. The honeycomb structure did not dissociate even after 3 ps simulation at 1000 K. This indicates that g-GaN is rather stable in a deep minimum on the BO surface, and hence devices fabricated from g-GaN can sustain operations above room temperature. In Fig. 5(b) , we present snapshots of the atomic configurations obtained from MD simulations at different temperatures.
C. Electronic structure
Since an antibonding π * -bond is separated from a π -bond by a significant energy, the π -and π * -bands derived from these bonds open a significant band gap. Accordingly, g-GaN is a nonmagnetic, wide-band-gap semiconductor. In Figs. 6(a) and 6(b), the electronic energy band structure of g-GaN in the symmetry directions of the hexagonal Brillouin zone, as well as the corresponding total (TDOS) and orbital projected (PDOS) densities of states, is shown. While the maximum of the valence band occurs at the K-point, the minimum conduction band appears at the -point. Accordingly, the energy bands calculated by PBE marks an indirect band gap from the Kto the -point, E G−i = 2.16 eV. This is a dramatic deviation from the bulk 3D wz(zb)-GaN, which has a PBE direct band gap of E G−d = 1.71. Apparently, the fundamental band gap increases by 0.45 eV as one goes from three dimensions to monolayer two dimensions. While the lowest conduction band near the center of the Brillouin zone is derived from the Ga-p z orbitals, the flatband at the maximum of the valence band along the K-M direction originates from the N-p z orbital states. In addition to the PBE calculations of the band structure, we applied corrections by using HSE06 and G 0 W 0 methods. The corrected band gaps are shown in Fig. 6 . The indirect PBE band gap increased to 3.42 eV after the HSE06 correction. This corresponds to a correction of 1.26 eV. On the other hand, the correction induced by the G 0 W 0 method is larger than that of the HSE06 method by nearly 1 eV, revealing a band gap of 4.55 eV. Spin-orbit coupling (SOC) at the top of the valence band at the -point leads to the splitting of the degenerate bands by only 11 meV.
The response of the conduction and valence bands to the applied strain , and the resulting changes in the fundamental gap, is of interest for the fabrication of devices operating under strain. Here we examined the effect of strain on the fundamental band gap of g-GaN. Within PBE calculations, the band gap of g-GaN was found to decrease monotonically from 2.16 to 0.21 eV, going from = 0% to 10%. Furthermore, the gap seemed to close and lead to a metallic band structure when biaxial tensile strain was further increased, up to 16%. The shifts of the conduction and valence bands under strain and the variation of the fundamental band gap are shown in Figs. 7(a) and 7(b) , respectively. This is an important result predicting dramatic changes in the electronic structure with applied strain, once x = y 10% is affordable in the g-GaN system.
As for the TDOS and the orbital projected PDOS, one also finds modifications by going from three to two dimensions. In particular, flattening of the bands near the edge of the conduction band gives rise to strong peaks in the TDOS and the PDOS. The important implications of this situation will be seen in the optical-absorption spectra in the forthcoming section.
D. Optical properties
Since wz-GaN has well-known optoelectronic applications, the investigation of the optical properties of g-GaN and their comparison with those of wz(zb)-GaN is important for future applications. In Fig. 8 , we show the optical-absorption spectra of 3D wz-GaN, zb-GaN, and 2D g-GaN, all calculated using PBE-RPA approximations. Some of the critical features of these absorption spectra can be summarized as follows: (i) The onsets of the optical absorption in the imaginary dielectric function spectra ε 2 (ω) are in compliance with the band gaps of these crystals calculated within PBE. In the absorption spectra of g-GaN, onset energy obtained from PBE calculations blueshifts once HSE06 corrections are applied.
(ii) The sharp peak in ε 2 (ω) of g-GaN occurs due to the optical transitions from flat occupied π -bands between K-FIG. 8. Optical-absorption spectra, i.e., ε 2 (ω) vs photon energy calculated for wz-GaN (light green with open circles), zb-GaN (blue with squares), and g-GaN (black solid) using the PBE-RPA approximation. The effect of HSE06 corrections on the absorption spectrum of g-GaN is shown by red dashed lines.
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and M-points to flat empty π * bands ∼5 eV above. This peak is blueshifted in HSE-RPA spectra by ∼1.5 eV. (iii) The absorption spectra of wz-GaN and zb-GaN display similar absorption onsets (below that of g-GaN) and multipeak features between 5 and 12 eV. (iv) The optical-absorption onset energy when going from 3D to 2D GaN is blueshifted, where absorption for g-GaN kicks off within the visible light region or more toward the uv range, differently from 3D wz-and zb-GaN. (v) The evident lower amplitude of the absorption spectrum of g-GaN compared to wz-GaN and zb-GaN is a well-known pattern [65] due to the weaker linear optical response of a single layer of g-GaN, normal to the incident light. This is contrary to bulk wz(zb)-GaN crystals, with periodically repeating multiples of buckled GaN planes along the direction of the lattice constant c. Hence, the optical spectra of monolayer and bulk GaN show significant differences, implying that they could be used for different optoelectronic applications. As we will discuss in the forthcoming section, the electronic properties of bilayer and multilayer structures of g-GaN undergo gradual changes with the number of layers. Therefore, one can control the optical properties by changing the number of g-GaN in the multilayer structures.
E. g-GaN on substrates
Since 3D layered GaN does not exist in nature, freestanding g-GaN cannot be exfoliated; it should be grown on a substrate. Under these circumstances, the grown overlayer and substrate can be strong, and hence the properties calculated for SL g-GaN undergo significant modifications. Here we examined the properties of a g-GaN overlayer grown on two different substrates, namely a metallic Al(111) surface and semiconducting blue phosphorene. Our models of g-GaN+substrate are presented in Fig. 9 .
The Al(111) surface is rather reactive and hence can establish strong interactions with the g-GaN overlayer. In this respect, the Al(111) surface is a stringent test substrate. The Al(111) surface is represented by an Al(111) slab consisting of four Al(111) planes. Since the Al(111) surface is not lattice-matched to g-GaN, we elongated the Al(111) lattice by 15%. This allows us to treat the g-GaN+substrate system using periodic boundary conditions. Since Al-Al interaction decreases upon elongation, the reactivity of the Al atom surface can increase to enhance overlayer-substrate interaction. In this way, our test is realized in even more severe conditions. We checked three possible configurations, where (i) Ga and N (111) substrate on g-GaN is analyzed by determining the height of g-GaN from the substrate and by calculating the density of states localized on the overlayer. In Fig. 9(a) , the optimized height h = 3.17Å, which is larger than the sum of the covalent atomic radii of either r Ga + r N = 1.76Å or r N + r Al = 1.76Å [66] . The common Fermi level is shifted up by ∼1 eV from the top of the valence band of g-GaN. The density of states projected onto the g-GaN overlayer is reminiscent of the state density presented in Fig. 6 with peaks −1 < E < −2 eV and −3 < E < −4 eV. Low densities of states in the gap region of g-GaN for energies −1 < E < 1.5 eV are partly due to numerical accuracy and weak substrate-overlayer interaction.
Interestingly, blue phosphorene, i.e., the SL buckled honeycomb structure of phosphorus, is nearly lattice-matched to g-GaN and hence is an ideal substrate to examine substrateoverlayer interaction. While we consider a single layer of blue phosphorene in order to examine its interaction with g-GaN, the same interaction with multilayer phosphorene or layered 3D blue phosphorus is not expected to change in any essential manner due to the weak vdW interlayer interaction within phosphorene. However, because of the semiconducting surface and its lattice constants nearly matching to g-GaN, 3D layered blue phosphorene appears to be an ideal substrate to grow single and multilayer structures of g-GaN. In Fig. 6(b) , the height of the g-GaN overlayer from the blue phosphorene surface is h = 2.97Å, which is rather large and is larger than the sums of covalent radii r Ga + r P = 2.36Å. The density of states projected onto g-GaN is similar to that in Fig. 6 with the peaks at ∼ −1, − 2.5, and −6 eV. The fundamental band gap of the g-GaN+phosphorene system partly overlaps with that of g-GaN, whereas the conduction bands of blue phosphorene occur in the upper energy region of the g-GaN overlayer. Briefly, the density-of-states analysis suggests that the interaction between overlayer g-GaN and the underlying blue phosphorene is minute and does not allow any significant modification of the electronic structure of the freestanding g-GaN.
V. GaN BILAYER AND MULTILAYER STRUCTURES
Previous studies have shown that the physical properties of bilayer and multilayer SL honeycomb structures vary slowly [67, 68] . Like SL structures, bilayer and multilayer correspond to local minima on the BO surface. Growth of multilayers as well as the 3D periodic structure allow us to construct artificial materials with novel properties such as van der Waals solids [69] . We explored this aspect of g-GaN and revealed its properties. Of course, we started by determining the most energetic stacking sequence, since there are a few stacking configurations. Here are the stacking sequences (and their optimized cohesive energies per Ga-N pair) for bilayer GaN, i.e., b-GaN: AA (i.e., hexagons on top of each other, with the Ga atom being above N) (E C = 8.57 eV); AA (Ga on Ga) (E C = 8.29 eV); AB (GaN) (Bernal type, Ga above N) (E C = 8.49 eV); and AB (NN), which is equivalent to AB (GaGa) (E C = 8.40 eV). Accordingly, the AA sequence is found to be energetically favorable. The total interlayer interaction is only 280 meV, where 120 meV of it is chemical interaction and the remaining 160 meV has vdW character. A similar analysis has been performed for several types of stacking sequences of trilayer GaN (t-GaN), and it was found that the sequence that is energetically most favorable is AA A, with cohesive energy E C = 8.69 eV per Ga-N pair. Here the cohesive energy is larger than that of g-GaN and b-GaN due to the increasing interlayer interaction. Note that in the cohesive energy calculation of wz-and zb-GaN, the vdW interaction is not taken into account within 3D bulk structures. Therefore, the bulk cohesive energies are slightly underestimated relative to those of the multilayer structures. The average interlayer interaction energy is 200 meV. The cohesive energies calculated for b-and t-GaN are in agreement with those of Xu et al. [61] . The extension of b-and t-GaN is the formation of multilayer m-GaN or 3D layered p-GaN, which is periodic in the direction perpendicular to the atomic planes. We carried out calculations for the structure optimization of p-GaN. We found the stacking sequence AA AA . . . to be energetically most favorable with E C = 8.94 eV per Ga-N pair.
Having determined the most energetic stacking sequence, we next tested the stability of b-GaN. Normally, if the interlayer distance is larger than the Ga-N bond distance and the interaction among them is weak, the stability is strengthened in b-GaN. The calculation of the phonon frequencies presented in Fig. 10 demonstrates the stability of b-GaN, hence this conjecture was confirmed.
Finally, the calculated electronic structures of b-, t-, and p-GaN are presented in Fig. 11 , together with their optimized structures with structural parameters, such as interlayer spacing h and lattice constants a = b (c). The indirect band gap of g-GaN decreases to 1.98 eV in b-GaN and to 1.83 eV in t-GaN. Interlayer spacing h also shows this trend where it decreases with the number of layers increasing, since the total interlayer interaction also increases. However, bond lengths and lattice constants display the opposite trend. In p-GaN, the total interlayer interaction is maximized. An important outcome of this study is that, as the number of layers increases, the fundamental band gap of g-GaN decreases from 2.26 to 1.98 eV in b-GaN and to 1.83 eV in t-GaN. These three band gaps are indirect. However, in p-GaN, the fundamental band gap decreases to 1.23 eV and changes from indirect to direct, as in 3D wz-and zb-GaN. The crossover from indirect to direct is expected to occur in multilayer structures having fewer than 10 layers. It is important to note that just like 3D wz-and zb-GaN, 3D p-GaN has a direct band gap, but the band gap of this predicted structure is smaller by ∼0.5 eV.
VI. CONCLUSIONS
In conclusion, in this paper we present an extensive comparative study of 3D bulk GaN crystals and 2D graphenelike single-layer honeycomb g-GaN, as well as its multilayer van der Waals solids carried out using first-principles DFT methods. While DFT provides predictions on the atomic structure, lattice constants, cohesive energy, and elastic properties of 3D wz-GaN and zb-GaN crystals, it underestimates the experimentally determined fundamental band gaps by 1.5-2 eV. Here we placed an emphasis on the energetics and electronic structures by applying state-of-the-art methods in order to improve their band gaps. For g-GaN, we performed high-temperature ab initio MD simulations showing that the stability deduced by ab initio phonon calculations does not correspond to a shallow minimum, but the structure resists thermal excitations by remaining stable at high temperatures. We also found that by going from 3D to 2D g-GaN, the band gap increases and is converted from direct to indirect. Additionally, state distribution in the conduction band exhibits significant changes relative to 3D wz-GaN and zb-GaN crystals. This situation is reflected in the absorption spectrum of 2D g-GaN, which is blueshifted and displays dramatic differences at higher photon energies. Finally, we found that the interaction between g-GaN and specific metallic and semiconducting substrates is weak and allows the physical properties predicted for the freestanding g-GaN to be preserved once g-GaN is grown on such substrates. In particular, blue phosphorene is nearly lattice-matched to g-GaN, which can set weak chemical and van der Waals interactions. Accordingly, layered blue phosphorus can serve as an excellent substrate to grow single-layer or multilayer g-GaN. We hope that the present work will provide helpful insights for growing g-GaN.
